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a b s t r a c t
An edge-coloring of a graph G with colors 1, . . . , t is an interval t-coloring if all colors are
used, and the colors of edges incident to each vertex of G are distinct and form an interval
of integers. In 1994, Asratian and Kamalian proved that if a connected graph G admits an
interval t-coloring, then t ≤ (diam(G)+ 1) (∆(G)− 1)+ 1, and if G is also bipartite, then
this upper bound can be improved to t ≤ diam(G) (∆(G)− 1) + 1, where ∆(G) is the
maximum degree of G and diam(G) is the diameter of G. In this note, we show that these
upper bounds cannot be significantly improved.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
All graphs considered in this paper are finite, undirected, and have no loops or multiple edges. Let V (G) and E(G) denote
the sets of vertices and edges of G, respectively. The maximum degree of G is denoted by ∆(G) and the diameter of G by
diam(G). The terms and concepts that we do not define can be found in [17].
An edge-coloring of a graph G with colors 1, . . . , t is an interval t-coloring if all colors are used, and the colors of
edges incident to each vertex of G are distinct and form an interval of integers. The concept of interval edge-colorings was
introduced by Asratian and Kamalian [2]. In [2], they proved that, if a triangle-free graph G has an interval t-coloring, then
t ≤ |V (G)| − 1. Later, Kamalian [9] showed that if G admits an interval t-coloring, then t ≤ 2 |V (G)| − 3. Moreover, this
bound is sharp for the complete graph K2, but if G ≠ K2, then this upper bound can be improved to 2 |V (G)| − 4 [5]. For an
r-regular graph G, Kamalian and Petrosyan [12] showed that if G with at least 2r + 2 vertices admits an interval
t-coloring, then t ≤ 2 |V (G)| − 5. For a planar graph G, Axenovich [4] showed that if G has an interval t-coloring, then
t ≤ 116 |V (G)|. In [8,14], interval edge-colorings of complete graphs, complete bipartite graphs, trees, and n-dimensional
cubes were investigated. The NP-completeness of the problem of the existence of an interval edge-coloring of an arbitrary
bipartite graph was shown in [16]. In [13,15], interval edge-colorings of various products of graphs were investigated. In
[3,1,6,7,9–11], the problem of the existence and construction of interval edge-colorings was considered, and some bounds
for the number of colors in such colorings of graphs were given. In particular, it was proved [3] that if a connected graph G
admits an interval t-coloring, then t ≤ (diam(G)+ 1) (∆(G)− 1)+1, and if G is connected bipartite, then the upper bound
can be improved to t ≤ diam(G) (∆(G)− 1) + 1. In this note, we show that these upper bounds cannot be significantly
improved.
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2. Definitions and auxiliary results
A partial edge-coloring of G is a coloring of some of the edges of G such that no two adjacent edges receive the same color.
If α is a partial edge-coloring of G and v ∈ V (G), then S (v, α) denotes the set of colors appearing on colored edges incident
to v.
A graph G is interval colorable if G has an interval t-coloring for some positive integer t . For an interval colorable graph G,
the greatest value (the maximum span) of t for which G has an interval t-coloring is denoted byW (G).
Let [t] denote the set of the first t natural numbers. Let ⌊a⌋ denote the largest integer less than or equal to a. For two
positive integers a and bwith a ≤ b, the set {a, . . . , b} is denoted by [a, b].
Let G and H be graphs. The Cartesian product GH is defined as follows:
V (GH) = V (G)× V (H),
E(GH) = {(u1, v1)(u2, v2): u1 = u2 and v1v2 ∈ E(H) or v1 = v2 and u1u2 ∈ E(G)}.
Clearly, if G and H are connected graphs, then GH is connected, too. Moreover, ∆(GH) = ∆(G) + ∆(H) and
diam(GH) = diam(G)+ diam(H).
In [3], Asratian and Kamalian obtained the following two results.
Theorem 1. If G is an interval colorable connected graph, then W (G) ≤ (diam(G)+ 1) (∆(G)− 1)+ 1.
Theorem 2. If G is an interval colorable connected bipartite graph, then W (G) ≤ diam(G) (∆(G)− 1)+ 1.
We also need the following three lemmas.
Lemma 3. If α is an edge-coloring of a connected graph G with colors 1, . . . , t such that the edges incident to each vertex
v ∈ V (G) are colored by distinct and consecutive colors, and mine∈E(G){α(e)} = 1,maxe∈E(G){α(e)} = t, then α is an interval
t-coloring of G.
Proof. For the proof of the lemma, it suffices to show that all colors are used in the coloring α of G.
Let u and w be vertices such that 1 ∈ S(u, α) and t ∈ S(w, α). Also, let P = v1, . . . , vk, where u = v1 and vk = w be a
u, w-path in G. If k = 1, then t ∈ S(u, α) and all colors appear on edges incident to u. Assume that k ≥ 2. The sets S(vi, α) for
vi ∈ V (P) are intervals, and for 2 ≤ i ≤ k, intervals S(vi−1, α) and S(vi, α) share a color. Thus, the sets S(v1, α), . . . , S(vk, α)
cover [1, t]. 
Lemma 4. For any integer n ≥ 2, the cycle C2n has an interval (n+ 1)-coloring.
Proof. Let V (C2n) = {v1, . . . , v2n} and E(C2n) = {vivi+1: 1 ≤ i ≤ 2n− 1} ∪ {v1v2n}. Define a coloring α of the edges of C2n
as follows: for 1 ≤ i ≤ n, let α(vivi+1) = α(v2n+1−iv2n−i) = i+1 and α(v1v2n) = 1. Clearly α is an interval (n+1)-coloring
of C2n. 
The next lemma was obtained by Kamalian in [8].
Lemma 5. For any r, s ∈ N, the complete bipartite graph Kr,s has an interval (r + s− 1)-coloring.
Proof. Let (U, V ) be a bipartition of Kr,s, where U = {u1, . . . , ur} and V = {v1, . . . , vs}. Define a coloring α of the edges of
Kr,s as follows: for each edge uivj ∈ E(Kr,s), let α(uivj) = i + j − 1, where 1 ≤ i ≤ r, 1 ≤ j ≤ s. Clearly α is an interval
(r + s− 1)-coloring of Kr,s. 
Corollary 6. If Kr,s is a complete bipartite graph with a bipartition (U, V ), where U = {u1, . . . , ur} and V = {v1, . . . , vs}, then
Kr,s has an interval (r + s − 1)-coloring α such that S(ui, α) = [i, i + s − 1] for 1 ≤ i ≤ r and S(vj, α) = [j, j + r − 1] for
1 ≤ j ≤ s.
3. Main results
First, we consider the complete graph K2n. It is known that K2n is interval colorable whenever n ∈ N [2,3,9]. ForW (K2n),
the following lower bound was obtained by Petrosyan [14]:
Theorem 7. If n = p2q, where p is odd and q is nonnegative, then W (K2n) ≥ 4n− 2− p− q.
Corollary 8 ([5,13]).W (K2q) ≥ 2q+1 − 2− q for any q ∈ N.
Corollary 8 implies that for any q ∈ N, there exists an interval colorable connected graph G such that diam(G) = 1,
∆(G) = 2q − 1 and W (G) ≥ (diam(G) + 1)(∆(G) − 1) − q + 2. Clearly, this lower bound for W (G) is close to the upper
bound in Theorem 1. Now we prove a more general result.
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Theorem 9. For any integers d ≥ 2 and q ∈ N, there exists an interval colorable connected graph G with diam(G) = d and
∆(G) =

2q, if d = 2,
2q + 1, if d ≥ 3,
such that
W (G) ≥

(d+ 1)(∆(G)− 1)− q+ 1, if d = 2,
(d+ 1)(∆(G)− 1)− q− 2, if d ≥ 3.
Proof. For the proof, we construct a graph Gd,q that satisfies the specified conditions. We define a graph Gd,q as follows:
Gd,q = PdK2q . Clearly, Gd,q is a connected graph of diameter d and
∆(Gd,q) =

2q, if d = 2,
2q + 1, if d ≥ 3.
Let us show that Gd,q is interval colorable and
W (Gd,q) ≥

(d+ 1)(∆(Gd,q)− 1)− q+ 1, if d = 2,
(d+ 1)(∆(Gd,q)− 1)− q− 2, if d ≥ 3.
Let V (K2q) = {v1, v2, . . . , v2q}. Also, let V

Gd,q
 =di=1 V i, E Gd,q =di=1 E i ∪2qj=1 Ej, where
V i =

v
(i)
j : 1 ≤ j ≤ 2q

, E i =

v
(i)
j v
(i)
k : 1 ≤ j < k ≤ 2q

, Ej =

v
(i)
j v
(i+1)
j : 1 ≤ i ≤ d− 1

.
For 1 ≤ i ≤ d, define a subgraph Gi of the graph Gd,q as follows: Gi =

V i, E i

. Clearly, Gi is isomorphic to K2q whenever
1 ≤ i ≤ d. By Corollary 8, there exists an interval (2q+1− 2− q)-coloring α of K2q . Nowwe define an edge-coloring β of the
subgraphs G1, . . . ,Gd.
For 1 ≤ i ≤ d and for every edge v(i)j v(i)k ∈ E(Gi), let
β

v
(i)
j v
(i)
k

= α(vjvk)+ (i− 1)2q, where 1 ≤ j < k ≤ 2q.
It is easy to see that the color of each edge of the subgraph Gi is obtained by shifting the color of the associated edge of
K2q by (i − 1)2q, thus the set S

v
(i)
j , β

is an interval for each vertex v(i)j ∈ V (Gi), where 1 ≤ i ≤ d, 1 ≤ j ≤ 2q. Now we
define an edge-coloring γ of the graph Gd,q.
For every e ∈ E(Gd,q), let
γ (e) =

β(e), if e ∈ E(Gi),
max S

v
(i)
j , β

+ 1, if e = v(i)j v(i+1)j ∈ Ej,
where 1 ≤ i ≤ d, 1 ≤ j ≤ 2q.
Let us prove that γ is an interval ((d+ 1)2q − q− 2)-coloring of the graph Gd,q whenever d ≥ 2.
First, note that by the definitions of colorings α, β and γ , we have that the set S

v
(i)
j , γ

is an interval for each vertex
v
(i)
j ∈ V (Gi), where 1 ≤ i ≤ d, 1 ≤ j ≤ 2q. Next we show that in the coloring γ , all colors are used. Clearly, there
exists an edge v(1)j0 v
(1)
k0
∈ E(G1) such that γ

v
(1)
j0
v
(1)
k0

= 1, since in the coloring α, there exists an edge vj0vk0 with
α

vj0vk0
 = 1 and γ v(1)j0 v(1)k0  = β v(1)j0 v(1)k0  = α vj0vk0. Similarly, there exists an edge v(d)j1 v(d)k1 ∈ E(Gd) such that
γ

v
(d)
j1
v
(d)
k1

= (d + 1)2q − q − 2, since in the coloring α there exists an edge vj1vk1 with α

vj1vk1
 = 2q+1 − 2 − q and
γ

v
(d)
j1
v
(d)
k1

= β

v
(d)
j1
v
(d)
k1

= α vj1vk1 + (d − 1)2q. Now, by Lemma 3, we have that for each t ∈ [(d + 1)2q − q − 2],
there is an edge e ∈ E(Gd,q) with γ (e) = t . This shows that γ is an interval ((d + 1)2q − q − 2)-coloring of the graph Gd,q
whenever d ≥ 2. Thus, Gd,q is interval colorable and
W (Gd,q) ≥

(d+ 1)(∆(Gd,q)− 1)− q+ 1, if d = 2,
(d+ 1)(∆(Gd,q)− 1)− q− 2, if d ≥ 3. 
1396 R.R. Kamalian, P.A. Petrosyan / Discrete Mathematics 312 (2012) 1393–1399
Fig. 1. The interval 12-coloring of G3,2 .
Fig. 1 shows the interval 12-coloring γ of the graph G3,2 described in the proof of Theorem 9.
Theorem 10. For any integers d, r ≥ 2, there exists an interval colorable connected bipartite graph H with diam(H) = d and
∆(H) = r such that W (H) = d(r − 1)+ 1.
Proof. For the proof, we are going to construct a graph Hd,r that satisfies the specified conditions. We consider some cases.
Case 1: r = 2 or d = 2.
If r = 2 and d ≥ 2, thenwe takeHd,2 = C2d. Clearly, diam(C2d) = d and∆(C2d) = 2. By Lemma 4, C2d is interval colorable
and W (C2d) ≥ d + 1 whenever d ≥ 2. On the other hand, by Theorem 2, we get W (C2d) ≤ d + 1 whenever d ≥ 2. Thus,
W (C2d) = d+ 1 for d ≥ 2.
If d = 2 and r ≥ 2, then we take H2,r = Kr,r . Clearly, diam(Kr,r) = 2 and ∆(Kr,r) = r . By Lemma 5, Kr,r is interval
colorable and W (Kr,r) ≥ 2r − 1 whenever r ≥ 2. On the other hand, by Theorem 2, we get W (Kr,r) ≤ 2r − 1 whenever
r ≥ 2. Thus,W (Kr,r) = 2r − 1 for r ≥ 2.
Case 2: r, d ≥ 3.
Subcase 2.1: d is even.
Define the graph Hd,r as follows: take d2 copies of Kr,r denoted by K
(1)
r,r , . . . , K
( d2 )
r,r and label the vertices of one part of K
(i)
r,r
by u(i)j and the vertices of the other part of K
(i)
r,r by v
(i)
j , where 1 ≤ i ≤ d2 and 1 ≤ j ≤ r . Next, delete the edge u(1)r v(1)r from
K (1)r,r , the edges u
(i)
1 v
(i)
1 , u
(i)
r v
(i)
r from K
(i)
r,r for 2 ≤ i ≤ d2 − 1, and the edge u
( d2 )
1 v
( d2 )
1 from K
( d2 )
r,r . Finally, connect u
(i−1)
r with v
(i)
1
and v(i−1)r with u(i)1 for 2 ≤ i ≤ d2 . Clearly, Hd,r is a connected r-regular bipartite graph of diameter d. (See Fig. 2)
Now we prove that Hd,r is interval colorable andW (Hd,r) = d(r − 1)+ 1.
Define an edge-coloring α of Hd,r as follows: we color the edge u
(i)
j v
(i)
k of K
(i)
r,r with color (2r−2)(i−1)+ j+ k−1, where
1 ≤ i ≤ d2 , 1 ≤ j ≤ r, 1 ≤ k ≤ r , and the edges u(i−1)r v(i)1 and v(i−1)r u(i)1 with color (2r − 2)(i− 1)+ 1, where 2 ≤ i ≤ d2 . It
is easy to see that the color of each edge of the subgraph K (i)r,r is obtained by shifting the color of the associated edge of K
(1)
r,r
by (2r − 2)(i− 1). Now, by Corollary 6 and the definition of α, for 1 ≤ i ≤ d2 and 1 ≤ j ≤ r
S

u(i)j , α

= S

v
(i)
j , α

= [(2r − 2)(i− 1)+ j, (2r − 2)(i− 1)+ j+ r − 1] .
Since α

u(1)1 v
(1)
1

= 1 and α

u
( d2 )
r v
( d2 )
r

= d(r−1)+1, by Lemma 3, we have that for each t ∈ [d(r−1)+1], there is an
edge e ∈ E(Hd,r)with α(e) = t . This shows that α is an interval (d(r−1)+1)-coloring ofHd,r ; thusHd,r is interval colorable
andW (Hd,r) ≥ d(r−1)+1. On the other hand, by Theorem 2, we haveW (Hd,r) ≤ d(r−1)+1, soW (Hd,r) = d(r−1)+1.
Fig. 3 shows the interval 13-coloring α of the graph H6,3.
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Fig. 2. The graph Hd,r for even d ≥ 4.
Fig. 3. The interval 13-coloring of H6,3 .
Subcase 2.2: d is odd.
If d = 3, then define the graph H3,r as follows:
V

H3,r
 = ui, u′i: 1 ≤ i ≤ r − 1 ∪ vj, v′j : 1 ≤ j ≤ r ,
E

H3,r
 = uivj, u′iv′j : 1 ≤ i ≤ r − 1, 1 ≤ j ≤ r ∪ vjv′j : 1 ≤ j ≤ r .
Clearly, H3,r is a connected r-regular bipartite graph of diameter 3.
Now we show that H3,r is interval colorable andW (H3,r) = 3r − 2.
Define an edge-coloring β of the graph H3,r as follows:
(1) for 1 ≤ i ≤ r − 1, 1 ≤ j ≤ r , let
β(uivj) = i+ j− 1;
(2) for 1 ≤ i ≤ r − 1, 1 ≤ j ≤ r , let
β

u′iv
′
j
 = r + i+ j− 1;
(3) for 1 ≤ j ≤ r , let
β

vjv
′
j
 = r + j− 1.
Now, by Corollary 6 and the definition of β , for 1 ≤ i ≤ r − 1,
S (ui, β) = [i, i+ r − 1] , S

u′i, β
 = [i+ r, i+ 2r − 1] ,
and for 1 ≤ j ≤ r
S

vj, β
 = [j, j+ r − 2] ∪ {j+ r − 1} = [j, j+ r − 1] ,
S

v′j , β
 = [j+ r, j+ 2r − 2] ∪ {j+ r − 1} = [j+ r − 1, j+ 2r − 2] .
Since β(u1v1) = 1 and β

u′r−1v′r
 = 3r− 2, by Lemma 3, we have that for each t ∈ [3r− 2], there is an edge e ∈ E(H3,r)
withβ(e) = t . This implies thatβ is an interval (3r−2)-coloring ofH3,r ; thusH3,r is interval colorable andW (H3,r) ≥ 3r−2.
On the other hand, by Theorem 2, we haveW (H3,r) ≤ 3r − 2, soW (H3,r) = 3r − 2. Fig. 4 shows the interval 10-coloring β
of the graph H3,4.
Assume that d ≥ 5.
Define the graph Hd,r as follows: take ⌊ d2⌋ copies of Kr,r denoted by K (1)r,r , . . . , K
(⌊ d2 ⌋)
r,r and label the vertices of one part of
K (i)r,r by u
(i)
j and the vertices of the other part of K
(i)
r,r by v
(i)
j , where 1 ≤ i ≤ ⌊ d2⌋ and 1 ≤ j ≤ r . Now, delete the edge u(1)r v(1)r
from K (1)r,r , the edges u
(i)
1 v
(i)
1 , u
(i)
r v
(i)
r from K
(i)
r,r for 2 ≤ i ≤ ⌊ d2⌋ − 1, and the edge u
(⌊ d2 ⌋)
1 v
(⌊ d2 ⌋)
1 from K
(⌊ d2 ⌋)
r,r . Next, connect u
(1)
r
with a new vertex a and a with u(2)1 , v
(1)
r with a new vertex c and c with v
(2)
1 , a and c by an edge. Also, add new vertices
b1, . . . , br−3 and d1, . . . , dr−3, and connect a with bi and c with di for 1 ≤ i ≤ r − 3. Finally, connect u(i−1)r with v(i)1 and
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Fig. 4. The interval 10-coloring of H3,4 .
Fig. 5. The graph Hd,r for odd d ≥ 5.
Fig. 6. The interval 16-coloring of H5,4 .
v
(i−1)
r with u
(i)
1 for 3 ≤ i ≤ ⌊ d2⌋. Clearly, Hd,r is a connected bipartite graph with a maximum degree r and diameter d.
(See Fig. 5.)
Now we show that Hd,r is interval colorable andW (Hd,r) = d(r − 1)+ 1.
Define an edge-coloring γ of Hd,r as follows: we color the edge u
(1)
j v
(1)
k of K
(1)
r,r with color j+ k− 1, where 1 ≤ j ≤ r, 1 ≤
k ≤ r , the edge u(i)j v(i)k of K (i)r,r with color (r − 1)(2i − 1) + j + k − 1, where 2 ≤ i ≤ ⌊ d2⌋, 1 ≤ j ≤ r, 1 ≤ k ≤ r , and the
edges u(i−1)r v(i)1 and v
(i−1)
r u
(i)
1 with color (r − 1)(2i − 1) + 1, where 3 ≤ i ≤ ⌊ d2⌋. Next, we color the edges u(1)r a and v(1)r c
with color 2r − 1, the edge ac with color 2r , and the edges au(2)1 and cv(2)1 with color 3r − 2. Finally, we color the edges abi
and cdi with color 2r + i for 1 ≤ i ≤ r − 3. It is easy to see that the color of each edge of the subgraph K (i)r,r is obtained by
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shifting the color of the associated edge of K (1)r,r by (r − 1)(2i− 1). Now, by Corollary 6 and the definition of γ , for 1 ≤ j ≤ r
S

u(1)j , γ

= S

v
(1)
j , γ

= [j, j+ r − 1] , S (a, γ ) = S (c, γ ) = [2r − 1, 3r − 2] ,
and for 2 ≤ i ≤ ⌊ d2⌋ and 1 ≤ j ≤ r
S

u(i)j , γ

= S

v
(i)
j , γ

= [(r − 1)(2i− 1)+ j, (r − 1)2i+ j] .
Since γ

u(1)1 v
(1)
1

= 1 and α

u
(⌊ d2 ⌋)
r v
(⌊ d2 ⌋)
r

= d(r − 1) + 1, by Lemma 3, we have that for each t ∈ [d(r − 1) + 1],
there is an edge e ∈ E(Hd,r) with γ (e) = t . This shows that γ is an interval (d(r − 1) + 1)-coloring of Hd,r ; thus Hd,r is
interval colorable and W (Hd,r) ≥ d(r − 1) + 1. On the other hand, by Theorem 2, we have W (Hd,r) ≤ d(r − 1) + 1, so
W (Hd,r) = d(r − 1)+ 1. Fig. 6 shows the interval 16-coloring γ of the graph H5,4. 
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